The present paper deals with the Cauchy problem for the multi-term time-space fractional diffusion equation in one dimensional space. The time fractional derivatives are defined as Caputo fractional derivatives and the space fractional derivative is defined in the Riesz sense. Firstly the domain of the fractional Laplacian is extended to a Banach space. Then the analytical solutions are established by using the Luchko theorem and the multivariate Mittag-Leffler function. 
Introduction
The fractional calculus has already become a powerful tool which describes many nonlinear complex phenomena arising in fluid mechanics, thermodynamics, plasma dynamics, continuum mechanics, quantum mechanics, electrodynamics and biological systems [, ] . In particular, the fractional diffusion equations capture well the anomalous diffusion process with continuous time random walks [, ] .
In this paper, we consider the following initial value problem for the multi-term timespace Caputo-Riesz fractional diffusion equation:
where n ≥ , a  = , a i > , α i > , α n- < · · · < α  ≤ , b > ,  < β ≤ , x ∈ R = (-∞, ∞), t ≥ , the symbol D α denotes the Caputo-type fractional derivative defined by [] Since multi-term fractional diffusion equations are more flexible than single-term fractional diffusion equations in modeling the anomalous diffusion phenomena, they have often appeared in recent publications [, -]. By establishing the maximum principle for multi-term time fractional diffusion equations with Caputo derivatives and proving some properties of multivariate Mittag-Leffler functions, the authors [, ] studied the well-posedness and the long-time asymptotic behavior. In [] the authors proved the maximum principle for multi-term time-space Caputo-Riesz fractional diffusion equations and derived the uniqueness and continuous dependence of the solution. The authors of [] used the Luchko theorem to obtain the analytical solutions for multi-term time-space Caputo-Riesz fractional advection-diffusion equations on a bounded interval. However, to the best of our knowledge, multi-term time-space Caputo-Riesz fractional diffusion equations on an infinite domain have not been considered in the literature yet.
In the present paper, by extending the domain of the fractional Laplacian to a Banach space and using the multivariate Mittag-Leffler function, the analytical solutions of the multi-term fractional diffusion equation (.)-(.) are obtained. Especially the meaning of the analytical solutions is found.
Extension of domain of fractional Laplacian
In this section the domain of the fractional Laplacian operator (.) is extended to a Banach space. Firstly we recall the concepts of Lebesgue space and Schwartz space.
Definition . ([], p.) The space L
 means the set of all measurable functions u : 
Theorem . The fractional Laplacian (-)
β is extended to the Banach space M β .
Proof By using the extension principle, we can easily prove the result.
Proof Let suppose that f ∈ H β and > . Then there exists a real number r >  such that
There exists a function g ∈ C
 else,
Solution of the multi-term fractional diffusion equation
In this section the analytical solution to the initial value problem (.)-(.) is obtained by using the Luchko theorem. 
The following is the well-known Luchko theorem (Theorem . in []).
where the function G is assumed to lie in 
is a solution of the problem (.) with zero initial conditions, and the system of functions
fulfills the initial conditions v
(l) j = δ jl , j, l = , . . . , γ  -. The function E (·),β (t) = E (γ  -γ  ,...,γ  -γ p ),β c  t γ  -γ  , . .
. , c p t is a particular case of the multivariate Mittag-Leffler function
The natural numbers l j are determined from the condition
In the case γ r ≤ j for any r = , . . . , p, we set l j =  and, if γ r ≥ j +  for any r = , . . . , p, then l j = p.
The Mittag-Leffer type functions are very crucial in the theory of fractional differential equations [, -]. Now we prove a property of the multivariate Mittag-Leffer function which appears in the analytical solution of the initial value problem (.)-(.).
Lemma . Let
is bounded for all t ≥ .
Proof The multivariate Mittag-Leffer function can be rewritten by using the Hankel integral representation of / (z) [],
where r > , Ha( +) = {z ∈ C : |z| = ,  ≤ | arg(z)| ≤ π} ∪ {z ∈ C : |z| > , | arg(z)| = π}. For any t > , there exists a r t >  such that
.
Then we have, for r > r t ,
Let r  > r t be a sufficiently large real number that satisfies the condition: all zeros of the function ξ
For simplicity, we denote
Then we have
where
which implies that
If x  , . . . , x p are all real numbers, then, since the set of rational numbers is everywhere dense in the set of real numbers and the function
is continuous with respect to x  , . . . , x p , we can obtain the desired result.
Then there exists a K >  depending only on μ, l, x j (j = , . . . , p) and y such that
Proof By (.), it is obvious that
Then, using Lemma . in [], we can prove the result. Proof Applying the Fourier transform to equation (.) with respect to the space variable x, we have
By Lemma ., we havê . . , -a n- t α  -α n- , -|ξ | β t α  .
From Lemma ., there exists a K >  such that K ξ < K for any ξ ∈ R. Then we have
which implies that u(t, x) is bounded.
